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Summary. The effect of the process of single-photon pair pro-
duction on the synchrotron spectrum of a pair plasma is studied,
with the aim of determining its influence on synchrotron models
of gamma-ray burst spectra. Pairs are injected into the emission
region with a non-thermal distribution and emit synchrotron
radiation. These photons are absorbed at energies greater than
2mec? in the strong field of the gamma-ray burst emission region,
and the resultant pairs are relativistic and reradiate synchrotron
gamma-rays. A pair cascade arises. The steady-state pair and
photon distributions are calculated self-consistently to determine
the effects of pair reprocessing on the radiation spectral index.
It is found that first and higher order pair generations do not
change the spectral index of hard X-rays and gamma-rays in gen-
eral. This is a consequence of the coupling between the emission
of hard X-rays by particles at moderately relativistic energies
and the cascading at much higher energies, well above the pair
production threshold. The processes of two-photon annihilation
and photon splitting in the strong magnetic field are discussed
qualitatively. Photon splitting can create a “precursor” spectral
break just below the pair absorption feature.

Key words: Gamma-ray bursts — magnetic fields — relativistic
plasmas — synchrotron radiation — neutron stars

1. Introduction

The strong possibility of a neutron star site for gamma-ray
bursts and the presence of absorption features at around 20—
50keV (possibly cyclotron absorption lines, see Liang, Jernigan
and Rodrigues, 1983, for modelling of the Konus spectra, and
Murakami et al. , 1988; Fenimore et al. , 1988 for recent obser-
vations of double absorption line features) has led theorists to
propose synchrotron emission models of these sources involving
strong magnetic fields of the order of 10'2 Gauss or more
(see Ramaty, Lingenfelter and Bussard, 1981; Liang, 1982). Such
models have proved quite successful for fitting hard X-ray and
gamma-ray spectra (e.g. see Pavlov and Golenetskii, 1986; and
Brainerd and Lamb, 1987), although they have problems explain-
ing the paucity of X-rays. Recent models (Hameury et al. , 1985,
Hameury and Lasota, 1989; and Brainerd, 1989b) have made
improvements that help account for the low X-ray emission. The

recent observations of double absorption features in the X-ray
emission has strengthened the support for a cyclotron origin
of these lines, and has prompted the development of models
involving radiative transfer of photons in the lines at moderate
optical depths (see Wang, et al. , 1989). These developments have
added much weight to the idea that gamma-ray burst sources
originate near neutron stars in regions with magnetic fields in
excess of 10'2 Gauss.

Such field strengths are sufficiently close to the quantum

critical field B, = (mecz)z/ (efic) that quantum effects due to
the discrete nature of the transverse energy states of electrons
moving in the field become important. The synchrotron photons
can assume energies that are sizeable fractions of that of the
emitting electron. Furthermore, the purely quantum effect of
pair production by a photon in the field becomes both possible
and very probable: it is kinematically forbidden in a field-free
region. Unless the conditions in the emission region are highly
idealized, namely that the radiation travels parallel to the field,
above B = 2 x 10'2 Gauss, the pair production becomes a
significant means of attenuating the high energy spectrum, and
the produced pairs subsequently give a significant contribution
to the resultant low energy spectrum via reradiation. A pair
cascade ensues. Previous considerations on pair production in
GRB emission regions have concentrated on pair equilibrium
(Harding, 1984; Baring, 1988b) and first order pair effects
to the spectrum (Baring, 1988b). A more detailed numerical
model of the GRB spectrum involving pair reprocessing in
a cascade was produced recently by Harding, Sturrock and
Daugherty (1989). They used a curvature radiation source of
photons, which would produce pairs in the field and these would
subsequently radiate synchrotron photons and the reprocessing
would continue. Brainerd (1989a) has also recently examined
pair reprocessing in a simple semi-analytic model incorporating
magnetic field geometry. Pair cascades in strong magnetic fields
where proposed a long time ago in connection with the theory
of pulsars (Sturrock, 1971). A number of developments followed,
including basic treatment of the cascade process in detailed
models of the pulsar magnetosphere (Ruderman and Sutherland,
1975; Arons and Scharlemann, 1979), and more specific detailed
calculations of gamma-ray emission from curvature-synchrotron
pair cascades by Salvati and Massano (1978), and Daugherty
and Harding (1982). These treatments were numerical in nature.

There is a need to analytically examine the spectra of pair
cascades in strong magnetic fields in a self-consistent manner.
This is the objective of this paper, concentrating on obtain-
ing analytic expressions for the spectra wherever possible, and
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supplementing these with numerical evaluation of the analysis.
Emphasis is upon the understanding of how the cascade process
shapes the spectrum. The model considers synchrotron cascades,
with curvature radiation not being treated for simplicity. The
steady-state kinetic equations for the electron and photon dis-
tributions are solved self-consistently in an optically (Thomson)
thin environment. The paper studies the nature of pair reprocess-
ing only and so no details of cyclotron absorption are considered,
nor is the low X-ray emission from burst sources accounted for
— refinement of the model is possible to treat these aspects of
the observed emission. The approach is somewhat similiar to
the steady-state approach to Compton cascade models of AGN
emission (e.g. see Lightman and Zdziarski, 1987; Svensson, 1987),
though the cascade processes are different. In those models the
cascade reprocessing lead to significant changes in the X-ray and
gamma-ray spectral indices. This provided the motivation for
also studying the nature of pair cascades within the framework
of synchrotron emission models of gamma-ray bursts, and so
investigate such pair production modifications to the emission
spectra. The interactions of synchrotron radiation, single-photon
pair production, two-photon pair annihilation and photon split-
ting are considered. The nature of the model and the steady-state
kinetic equations are stated in Sect. 2, while Sect. 3 concentrates
on some details of the synchrotron and pair production processes.
Section 4 gives the derivation of the solutions to the equation for
the pair distribution, and completes the analysis necessary for the
understanding of pair reprocessing effects on the cascade spectra.
Spectra with and without attenuation due to pair production in
the field are obtained in Sect. 5. They are strongly attenuated
above the pair production threshold. The main result is that the
reprocessing does not change the hard X-ray spectral index from
the unreprocessed steady-state classical synchrotron value. This
is caused by the strong influence of the nature of the reprocessing
at high energies on the emission in the X-ray range. This insensi-
tivity of spectral index to the cascade reprocessing contrasts the
change that occurs in Compton pair cascade models of AGN
emission (e.g. see Lightman and Zdziarski, 1987). The effects
of two-photon annihilation and photon splitting are discussed
qualitatively in Sect. 6. Photon splitting leads to a spectral break
just below the pair absorption feature, which has the potential to
be a useful diagnostic for the magnetic field. The paper concludes
with a summary of the results and a discussion of some of the
simplifying assumptions. The electron and photon energies will
be assumed dimensionless throughout this paper, having been
scaled by mec?. Similiarly, the magnetic field strength will be
expressed in units of the critical field B..

2. The steady-state cascade equations

The model here involves the solution of the steady state kinetic
equations for the electron and photon distribution functions
allowing for the processes of synchrotron radiation, single-
photon pair production, two-photon pair annihilation and photon
splitting in the strong magnetic field. For simplicity, the emission
region is assumed optically thin to Compton scattering so that
the complications of scattering in the strong fields are avoided.
A steady state model is the most elementary one that can be
proposed. The emission from burst sources is well-known to
be variable, but the variability is only observed at timescales
comparable to or greater than the light-crossing time for neutron
stars (e.g. see Lamb, 1984). In contrast, the cascade processes of
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synchrotron radiation and pair production have much shorter
timescales, and photon splitting and pair annihilation occur
at about the dynamical timescale or slightly faster. Hence an
equilibrium assumption is not innapropriate, the variation in
emission being caused by dynamical variations in the energy
supply and not due to the cascade process itself.

The gamma-ray burst emission region is assumed to be of
size 10%cm containing a uniform magnetic field. Electrons or
pairs are injected into the emission region at a fixed rate with a
power-law distribution. They cool by synchrotron radiation and
do not escape, but form a cold component which annihilates. The
photons they create produce pairs if their energy energy exceeds
2mec? and these first-generation pairs subsequently reradiate
synchrotron photons. Multiple generations occur from electrons
injected at high energies. Photon splitting aids the degradation
of photons below the pair production threshold of 2m.c? to
lower energies. The influence of the magnetic field on the two-
photon annihilation process will be discussed only qualitatively.
Single-photon pair annihilation in the field is comparatively small
(Baring, 1988b). The acceleration mechanism for the relativistic
electrons is not considered here. It could be due to shocks or
to electric fields for example. The model assumes, for simplicity,
that all particles are isotropic and that all photons move roughly
perpendicular to the magnetic field lines. The assumptions of
isotropy and perpendicular motion are somewhat similar, since
the relevant rates for the cascade interactions are all strongly
peaked when the particles and photons move perpendicular to the
field. But plausible acceleration mechanisms can beam particles
along the field lines and complicate the analysis. Such anisotropic
scenarios could loosely be considered as being equivalent to an
isotropic scenario Lorentz-transformed along the field, provided
that the particles are beamed along closed field lines and therefore
are trapped in the magnetosphere of the star. If they are beamed
along open field lines, their escape from the magnetosphere can
become important, thereby rendering anisotropic and Lorentz-
transformed isotropic models inequivalent. The complications of
curvature radiation (treated for example in Harding, Sturrock
and Daugherty, 1989) and scattering of the particles from the
beam to excited Landau levels to permit subsequent synchrotron
emission are introduced in highly anisotropic models and are
beyond the scope of this paper. The ideas of scattering excitation
of particles by photons (e.g. Daugherty and Harding, 1986)
and by other particles (Kotov and Kel'ner, 1985) are in the
process of development. In the simple model presented here,
an analytic approach is emphasized, so it is reasonable to
avoid the complications of beamed particle injection, as in the
standard synchrotron model of gamma-ray burst emission. The
appropriateness of the assumption of isotropy of the non-thermal
electrons and positrons and of photon motion perpendicular to
the magnetic field is discussed in more detail in Sect. 7.

The steady-state picture here is somewhat similar to the
steady-state Compton cascade models developed in recent years
to explain the hard X-ray and soft gamma-ray emission of
active galactic nuclei. Those models had four or five param-
eters, whose interplay determined the shape of the spectrum.
Analogous parameters have a similar role here, though there
are some differences because the magnetic field cascade is linear
in the photon distribution whereas the Compton cascade is not
(it involves two-photon pair production). The first parameter
specifies the injection rate, and is the compactness parameter or
dimensionless luminosity (following Guilbert, Fabian and Rees,
1983) of the injected electrons I.. In terms of the relativistic
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electron/pair injection rate Q(y), it is defined to be (c.f. Lightman
and. Zdziarski, 1987)

2 Ymax
4nR f1 00) (- 1) dy

30.c

le =

1)

In a Compton cascade, where pairs are produced by photon-
photon interactions, this compactness becomes an efficiency for
pair production. Here it is just a measure of the injection
luminosity, which is a measure of the spectral luminosity, since
the synchrotron rate is much faster than the injection rate for
realistic models. Compactnesses I, ~ 1000 produce of the order
of an Eddington luminosity (see Lightman and Zdziarski, 1987).
The maximum injection energy ymax and the injection spectral
index p (for power-law Q(y) oc y7P) are two further parameters.
In the pair cascade model considered here, pmax is usually set to
be 10®. This value is quite possible for motion along the field,
but is rather high for motion transverse to the field lines even for
the most efficient acceleration mechanisms. It is chosen purely
for mathematical convenience, for the illustration of high energy
spectral results. The nature of the pair cascade reprocessing is
barely changed by lowering ymax to 10?. The parameter that is
a measure of the efficiency of pair production is the magnetic
field B, simply because in B-field cascades, photons produce
pairs by colliding with the virtual photons of the field. Here the
fields are greater than about 0.02B,, which is sufficient to permit
copious production of pairs.

The steady-state equations defining the pair cascade are
derived from the kinetic equations for the evolution of the
photon and pair distributions. They assume quite simple forms,
but have to be solved by a mixture of analysis and numerical
procedure. The equation for the photon number density n(e) is

0 = nale) + irs(e) + Ryp(e) — {1 ‘Hy(s)} %% @

Here 1s(e) is the synchrotron emission rate, 7,(e) is the optical
depth to single-photon pair production, 71, is the two-photon
annihilation rate, and Rsp(g) is the collision term incorporating
the absorption and production of photons in the splitting process.
The escape timescale is fesc = h/c, where h is the height of
the emission/absorption region. If n.(y) is the number density
of electrons and positrons, then their steady-state equation takes
the form

0 = P@u)+0@) + Ss(y) —ne(y)Rs(y) (3)

P(y) is the rate of production of pairs by photons in the
magnetic field, Ss(y) is the rate of “scattering” of pairs into a
given energy band by synchrotron emission, and n.(y)Rs(y) is
the rate of “scattering” of pairs out of an energy band due to
the synchrotron process. This equation is for the non-thermal
relativistic component of the pair distribution and so contains
no annihilation term. The cooling at low energies and formation
of a thermal component is difficult to treat analytically, and
so the thermal component is considered separately. Its density
is maintained at a level that balances thermal two-photon
annihilation with the non-thermal single-photon pair production.
The solution of Eqs. (2) and (3) is the objective of this paper:
it is obtained quantitatively for a cascade involving synchrotron
radiation and pair production only, and the influence of pair

annihilation and photon splitting is discussed only qualitatively
since the literature lacks the analytic expressions necessary for
efficient computation. Before proceeding to this, it is appropriate
to consider the processes of synchrotron emission and pair
production in a little detail, outlining some instructive theoretical
results.

3. Synchrotron cooling and pair production

The results for the synchrotron emission and pair production
rates that are to be used in this paper are presented in Bar-
ing (1988a), and are summarized in Appendix A. This section
concentrates on the use of ultrarelativistic expressions to de-
scribe some instructive analytic results. These are sufficient for
numerical evaluation of synchrotron emission and cooling of
electrons except at low energies, and hence suffice for the cas-
cade calculations presented here. However, the threshold (mildly
relativistic) approximation to the single-photon pair production
spectrum must be used since the high energy result is inaccu-
rate by more than two orders of magnitude near the threshold
¢ = 2. This section briefly discusses the quantum nature of syn-
chrotron emission in strong magnetic fields and gives E.R. results
for power-law emission. Pair production by monoenergetic and
power-law photon spectra is also considered.

3.1. Synchrotron spectra

Synchrotron emission is the only source of conversion of the
energy of pairs to the photon population in the pair cascades
considered here, and hence is the most important process for
determining the spectrum. In the case of classical emission, when
B < 1, the photons produced by an emitting electron have
energies of the order of 2B (e.g. see Bekefi, 1966). The criterion
that this emission be classical is that the photon energy be much
less than the initial electron energy y, which is then equivalent
to yB < 1. Therefore, since classical emission is only possible for
B <1/y, when B ~ 1, the emission is always quantum and the
produced photons assume a significant fraction of the particle
kinetic energy. For the fields of order B ~ 0.1 considered here,
quantum effects in the synchrotron emission become important
for relativistic pair distributions, though at low energies the
emission is quasi-classical. The emission probability decreases
as the produced photon assumes a significant fraction of the
electron energy because of the recoil of the photon. The emission
spectrum for isotropic relativistic electrons, incorporating the
behaviour in the mildly-relativistic regime, is given in Eq.(A1)
in Appendix A. It is taken from the result derived in Baring
(1988a). For analytic purposes, it is convenient to deal with the
ultra-relativistic specialization of this result, given by Sokolov
and Ternov (1968, see also Baring, 1988a):

1 ¢ (mec2)2 €

j@,8) = Py TR )
© 2 (4a)
X {j; Ks/3(x)dx + Y Kz/3(Y)} ,
where
2 €
Y= 3B55-9 (4b)
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¢ is the energy of the radiated photon. Here the electron pitch
angle is assumed to be =m/2 for simplicity, and the photon
angle is integrated over. Spectra from Eq. (4) are illustrated
in Mikhalév (1986), Brainerd (1987), Brainerd and Petrosian
(1987), and also for the mildly-relativistic case (see Eq. (Al) ) in
Harding and Preece (1987) and Baring (1988a). When yB ~ 1,
the quantum nature of the emission steepens the exponential tail
of the spectrum, but for yB > 1, the spectrum has a negative
index with peak emission at e x~ y.

The ultra-relativistic form in Eq. (4) can be integrated
over a power-law distribution of electrons and positrons, n.(y) =
(p—1)y™?, to give a broken power-law for the emission spectrum.
The limiting forms in the classical (¢B < 1) and ultra-quantum
(eB » 1) regimes are given in Brainerd and Petrosian (1987) and
Baring (1988a):

2

o) = & ey’ G+ Pré -1 o
% [33] (P+1)/28——(p—1)/2 eB<l ;
and
e =2 (megz)zg—fl [r(p+5/3) 1r(p—1/3)}
w3 T@+773) "3T0+43)] (g
x T2(H[38]5e 02 | B> 1.

These predict a steepening of the spectrum in the quantum
regime if p > 1/3. This is illustrated by Brainerd (1987) and
Baring (1988b). The fact that the index almost doubles in the
quantum limit is a consequence of the photon energy scaling as
& ~y compared with the classical limit dependence & ~ y2. This
difference in scaling also has consequences for a self-consistently
cooled electron distribution, as will be shown in Sect. 4. The
decline in the synchrotron emission rate also contributes to the
steepening. Mildly-relativistic corrections to Eq. (5) using Eq.
(A1) yield a reduction in emissivity for ¢ < 1. The E.R. results
in Eq. (5) are useful for theoretical insight into the nature of
the cascade. For an arbitrary distribution n.(y) of pairs, the
synchrotron photon production rate in Eq. (2) is given by

isle) = f dy nely) 1028
{ emqc

+&

) ©)

where j(y,e) is given by Eq. (4), or by Eq. (Al) if the mildly-
relativistic regime is required.

3.2. Synchrotron rates

It is instructive to calculate the total rate of synchrotron emission
and the cooling rate for monoenergetic electrons. These are easily
evaluated in the ultra-relativistic limit with the aid of Eq. (4). The
total synchrotron emission rate Rs(y) is defined in the absorption
term in Eq. (3), the equilibrium equation for the pairs. It is easily
shown to be proportional to a function of the product yB :

Y .
Ro) = [ i)
0 EMeC 7
o mect ! tdt 7a)
= < 4 L >
e~ j; 1—g2 112
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where, for t =¢/y and z = (2/3yB)t/(1 — 1),
A(t.2) = {%,%Kyz,(z) (1= 1) Kyy3(2) } (7b)

In the classical limit where yB < 1, the ¢t < 1 portion of
the integrand dominates and it is easily deduced that Rg is
independent of y. In the quantum regime, yB > 1, the power-
law part of the Bessel functions dominates and Rs ~ y~1/3.
This behaviour is illustrated in Fig. 1. The constancy of the
rate in the classical limit and the decline in the quantum region
is very reminiscent of the behaviour of the rate for Compton
scattering (see for example Baring, 1989a). This is in keeping
with the notion that synchrotron radiation is effectively Compton
scattering off the virtual photons of the magnetic field (e.g. see
Lieu, Axford and Quenby, 1989). The cooling rate can be written
down quickly in the same fashion, since this time the integrand
in the ¢ integration is just j(p,¢). The result is

. o med? ! 12 dt
__'Ys(’y) = ;_["\7‘?—) 7 o (1——[)2 A1/2(t,2) N (8)

with z and A, defined in Eq. (7b). This expression has classical
and quantum limits of 3 ~ %> and j5 ~ y%/3, respectively.
These are shown in Fig. 1. Also illustrated in that figure is
the ratio of the cooling rate in Eq. (8) to the reaction rate
(multiplied by y) in Eq. (7). This shows that the average energy
of photons produced by the synchrotron process asymptotes to
a fixed fraction of the energy of the emitting electron, which can
be shown to be 16/63. This contrasts with the case of inverse
Compton scattering, where the scattered photon acquires all of
the incident electron’s energy (see Baring, 1989a). This difference
has a bearing on the technique used for solving the equation for
the pair distribution in the quantum limit, as will be shown in
the next section.

3.3. Pair production

Pair production is analytically very similar to synchrotron radia-
tion because they are related by a crossing symmetry. It is treated
in detail in Baring (1988a) and the main results to be used in
the numerical computations of this paper are summarized in
Appendix A. The threshold for pair production is at a photon
energy of ¢ = 2. Well above this limit, the pairs are produced
with ultra-relativistic energies and the production spectrum in
Eq. (AS5) specializes to the form (see Mikhalév, 1986; Baring,
1988a)

RV(S,Y) = 82\/§h_c h
© 2 (9a)
% {—j; Ks/3(x)dx + = K2/3(y)} ,
with
2 e
Ul T T -

The photon is assumed to be travelling perpendicular to the
field — again a simplification for the purposes of analysis. The
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Fig.1. The rates for quantum synchrotron emission in the ultra-

relativistic limit calculated in Sect. 3.2. These are expressed as functions of
the parameter yB, which defines the quantum regime when much greater
than unity and the classical case when much less than unity. The solid
curve is the function yRs(y), where the reaction rate Rs for synchrotron
radiation is given by Eq. (7). The quantum asymptotic limit of the reac-
tion rate is proportional to y~1/3 | while the classical limit is independent
of y. The dashed curve is the cooling rate —j for synchrotron radiation
by E.R. electrons, calculated in Eq. (8). It has classical and quantum
limits proportional to y* and 92/3 | respectively. The dotted curve is the
ratio of the cooling rate to yRs(y), and represents the average fractional
energy emitted as synchrotron radiation by an electron. For high yB,
this average asymptotes to a value of 16/63.

spectrum is illustrated by Mikhalév (1986) and Baring (1988a).
It reveals a narrow peak as ¢ decreases towards threshold, with
each member of the pair acquiring half the photon’s energy,
and a bimodal nature for ¢B > 1 with one particle receiving
most of the photon’s energy. The production spectrum of pairs
P(y) in Eq. (3) is calculated by weighting R,(s,y) (or Eq.
(AS5) for the numerical calculation — since it is more accurate
near threshold) with the photon distribution. For a power-law
distribution n(g) = 6119 of photons, this integration is easily
performed. If y > 1, the resulting pair spectrum is then

_ _a_ m® 3p/p2
PO) = % ™ GBI/ o
re+1

y [ 4 TI'(6+2)
T'(%+5/3)

370 +11/3)

] 5y (4473

remembering a factor of two owing to the creation of two
particles in the final state. Near the threshold, the mildly-
relativistic nature of the resultant pairs leads to an innacuracy
of over an order of magnitude in Eq. (9) so that formula in Eq.
(AS5) should then be used when calulating P(y).

The optical depth 7,(¢) in Eq. (2) of photon absorption is
the spectrum R, (e, y) integrated over the produced pair energies
and weighted by the escape time. Near threshold, the mildly-
relativistic formula in Eq. (A5) must be used, with the result
being taken from Eq. (43) of Baring (1988a). In the ultra-
relativistic limit where ¢ > 1, Eq. (9) can be used, and the

dominant contribution comes from the power-law part of the
Bessel functions. The limiting forms for the optical depth to
single-photon pair production are then

() ~ Z_i ’";fz 2ztﬁ(@)m ?(22//5) 13, B> 1, (11a)
and

5 ~1/2
ry(ﬁ) = e_c m%c BZT;SE é8+2)2 [21 0g, (it%)}

4

(11b)

—1/2
5 /
—4 £+2
x exp{ g 108e<g;§>} , eB<1l.

Equation (11b) reduces to the familiar exp(—8/3¢B) form of
Erber (1966) in the limit of high ¢. The optical depth is extremely
sensitive to the magnetic field: if B = 0.05, pairs are created
profusely, while lowering the field to 0.01 renders pair production
insignificant. The optical depth is comparatively insensitive to
the height of the absorbing atmosphere, i.e. to teg.

X
r—""l =H

4. The solution for the pair distribution

Solving Eq. (3) for the steady-state pair distribution is analyti-
cally impossible except in special limiting cases. However, it is
possible to proceed via a semi-analytic method by interpolating
numerically between these cases. This saves time computation-
ally since an integral equation does not then have to be solved
numerically. Equation (3) can be cast into the form

Y
= PO+ Q0 —nel) [ &' R
1

" (124)
+ f &y ne()Rs(¥,y)
Y
for
1 jog,y—y
Ry(py) = —y 1:2=7) (125)
MmMeC Yy—7

where j(y,¢) is given in Eq. (A1) and y’ =y —¢ is the electron
energy after synchrotron emission. The upper limit of infinity
on the second integral (the production spectrum) is obviously
replaced by the maximum energy of the injected pairs if this is not
infinite. Equation (12) incorporates the assumption that the pairs
are isotropic at all times. Synchrotron cooling anisotropizes the
distribution, making it more parallel to the field, but this makes
no qualitative change to the cascade process. This is discussed
further in Sect. 7. Since the assumption of isotropy introduces
no qualitative modification to the nature of the results, it is
therefore appropriate since it is analytically convenient. In the
classical limit, the emission gives photons of energies very much
less than y so that the radiation leads to differential changes
in the electron’s energy. The integral equation (12) can then be
written as a first-order Fokker-Planck equation. This differential
equation is then easily solved to give
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ne(y) = —=-

N (13)

3l “leoh+p6) ay

This form of solution has been derived in the theory of Thomson
pair cascades (see Lightman and Zdziarski, 1987 for example)
involving inverse Compton scattering. If the electrons are ultra-
relativistic, as is assumed here, the cooling rate j4 is given by the
classical limit of Eq. (8). At low energies, the mildly relativistic
situation must be incorporated, and the cooling rate is given by
Bekefi (1966):

20 m,c?

~s0) = F =B (7 - 1) (14)

The form of Eq. (13) is quite easily explained. Since the cooling
is differential in the electron energy, every electron injected with
energy greater than y will eventually cool to energy y and
then further. Therefore the population level at y is simply the
ratio of the rate of injection above 7 to the rate at which the
particles cool through energy y. Hence the form of Eq. (13).
When quantum effects become important, the cooling is not
continuous but discrete, and so such a simple situation does
not exist. Clearly, for power-law injection (assuming that the
pair-production term P(y) is negligible) the cooling steepens the
pair distribution by index unity at ultra-relativistic energies. For
monoenergetic injection, the pair index is roughly two, which is
the same for injection by a power-law with index unity. This just
reflects the common feature of these two situations: that most of
the energy is injected at the maximum value of y. The similarity
of cooling by synchrotron radiation and by inverse Compton
scattering, evident in the comparison of Eq. (13) here with Eq.
(6) of Lightman and Zdziarski (1987), again reflects the fact that
synchrotron radiation can be regarded as Compton scattering
off the virtual photons of the magnetic field. Here the energy
density B2?/8n of the field plays the role in Eq. (14) that the
soft photon energy density does in the cooling rate for inverse
Compton scattering.

4.1. The ultra-quantum case: power-law injection

In the quantum regime, where yB > 1, since the cooling
is discrete, Eq. (12) cannot be rewritten as a Fokker-Planck
equation. Another approach is needed. The first step is to note
that the production spectrum assumes a simple form in the
ultra-quantum limit. The Bessel functions assume their power-
law asymptotic form and it is straight-forward to show that, to

leading order in 1/(yB),
,y/
+ ¥ .(15)

2/3

2 2/3 /
Ry(,7) = o mec” (3B) Yy 7
SRRy T Bl Y

Numerical computation reveals that this form is accurate to
about one percent (at worst) over the whole range of y’. This
is not the form that is amenable to Blumenthal’s (1971) clever
method of solution of this very problem for Compton scattering
in the Klein-Nishina limit (see also Baring, 1989a). However, it
is of the simple form Rs(y,7') = g(y)h(y’/y), which is precisely
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the form that Zdziarski (1989) uses for evaluating the electron
distribution for certain Klein-Nishina pair cascades. Therefore,
here his technique is followed closely. Putting t = y'/y < 1 and
defining

Roy) = S 1 32,1 (16a)
and

2/3
h(t) = —928%3 [z+%] (L_t) : (16b)
then
Rs(7,7) = Ra(y) h(t)/y 17)

The function h(t) is normalized to unity on the interval [0, 1].
This simple form for the synchrotron reaction rate yields a result
that was discovered in Sect. 3.2: that the average energy of a
synchrotron photon asymptotically approaches a fixed fraction
of the electron energy in the ultra-quantum limit (see Fig. 1).
Note also that Ry (y) is precisely the total rate Rs of Eq. (7a)
evaluated in the limit yB > 1. The emission spectrum in the
ultra-quantum limit is proportional to the function eh(l —¢&/y).
Setting q(y) = P(y) + Q(y), and f(y) = Ry(y)n.(y) to define
the pair distribution, the steady-state equation for the pair
distribution (Eq. (12) ) becomes

1
a0) = 0 — | e ros (18)
0

By observation, for power-law injection g(y) = Ny™P, a power-
law solution for f(y) results, leading to a pair distribution
of

ne(y) = %‘(p_) R);%(I;) ) (19a)
with
1
K(p) = f det" Y ht) , p>1 (19b)
0

Hence nq(y) ~ y~?~1/3 | Therefore, in the quantum limit, the
cooling flattens the spectrum by an index of one-third instead
of steepening it by unity as in the classical case. This flattening
reflects the decrease in the reaction rate (from being constant in
the classical case to declining as y~1/3 in the quantum limit —
see Sect. 3.2 ) and the quantum nature of the emission ie. the
average energy lost per interaction by an electron varies as 2
in the classical limit and as y in the quantum. In fact, the form
of Eq. (19) is reminiscent of the rate of injection of particles
above energy y divided by an averaged cooling rate, as in the
classical formula of Eq. (13). This will be commented upon later.
The flattening of the pair distribution in the quantum regime is
demonstrated for power-law injection in Fig. 2. The asymptotic
forms obtained from equations (13) and (19) are joined by
an interpolation and illustrated in Figure 2. This interpolation
technique forms a good approximation to the exact numerical
solution of the electron steady-state equation, with an accuracy
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Fig.2. The equilibrium distribution for E.R. electrons undergoing syn-
chrotron losses including the quantum regime. The magnetic field is

= 0.05 in units of the critical field B, = (mecz)z/ (efic). The curves
are calculated by using an interpolation between the classical domain
(y < 5) and the quantum domain (y > 200), which closely approximates
the exact numerical solution of the kinetic equation for the electron distri-
bution (to within 20 percent — worst accuracy is in the transition region
5 <y < 200). The curves are, from top to bottom, for power-law electron
injection distributions (normalized to unity) with indices p = 1.5, 2.0,
2.5, and 3.0. The classical regime at low y has curves with index p+1,
and the curves in the quantum domain have index p—1/3.

of better than 20 percent everywhere. The accuracy is much
better in the classical and quantum domains and is worst in
the transition region, though for the purposes of the analysis

_ presented here, it is quite good even in this region.

The value of K(p) can be evaluated using the integral form
for the Beta function (defined, for example in Abramowitz and
Stegun, 1965). The result is

9> +6p—1 I'(p—1/3)
Tplp+1) IL'2/3)I (p)

K(p) = (20)

K(p) is a monotonically decreasing function of p for p > 1/3,
asymptotically approaching zero as K(p) ~ p~2/3 when p — .
It equals unity at p = 1 and diverges as p — 1/3. Also note
that the cooling rate j can be expressed in terms of K and the
reaction rate Ry, . The average energy per synchrotron photon in
the ultra-quantum limit (g}, , expressed as a fraction of y, is then
(8o = 7/(yRx) = 1=K (2) = 16/63. Infinite power-law solutions
in Eq. (19) are only appropriate for p > 1, since the denominator
vanishes and becomes negative otherwise. The case of p < 1
requires an upper cutoff ymax to the injection distribution, and
corresponds to most of the energy being injected near ymay . This
is physically similar to the case of monoenergetic injection and
so it suffices, for the purposes of analysis, to consider truncated
power-law injection with index less than unity as being effectively
equivalent to the case of monoenergetic injection.

4.2. The general solution for yB > 1

When the injection function ¢(y) is not an infinite power-law,
the solutions to Eq. (18) are not so simple. No direct substitution
will yield a solution, in general, so more complicated analysis
is necessary. The fact that infinite power-laws provide a set
of solutions provides the clue that they can be used as basis
functions, and that general solutions can be derived using Mellin
transform techniques. The Mellin transform .#,(f) of a function
f is defined (see for example Erdélyi et al. , 1954 or Marichev,
1983) via the transform/inverse transform pair

My(f) = f fe)xPlax
Y et (1)
100 = o [ )5 ap

—ico

By performing a Mellin transform on Eq. (18), or equivalently
writing the functions f and g as inverse Mellin transforms, the
equation assumes the simple form

Mp(q) = {1 -K@)}#(f) (22)

provided that .#,(q) is well-defined: this requires careful con-
sideration of the range of g(y). The function K(p) is given by
Eq. (20), where p is now assumed to be complex. This simple
form can be easily inverted to solve for f with the use of
the convolution theorem for Mellin transforms (e.g. see Erdélyi
et al. , 1954). The result is

I S 1
f) = ﬁ “5—4(5)//(),1/5) TT(p)} (23)

The inverse Mellin transform is evaluated at y/¢. The contour
is to the right of all the poles. For evaluation for £/y < 1, the
contour must be closed in the right half-plane giving zero as
the result. This means that the only contribution to the integral
for f(y) comes from & > y, where the contour is closed in the
left half-plane. This is evident from the form of Eq. (18) and is
also expected on physical grounds — only particles injected with
energies greater than or equal to y can be expected to influence
the population at y since the particle energy transfer is purely
a cooling process. The contour integral can be evaluated by
closing it in the left-half plane at infinity and using the residue
theorem. The integrand has simple poles at p = 1 and at an
infinite number of points p = —s; on the negative real axis that
are solutions of the equation K(p) = 1. These give an infinite
series representation for the inverse Mellin transformation, with
a circle of convergence of radius unity, as can been seen with
the aid of Eq. (21). One fine detail has so far been overlooked,
namely what contribution comes from the infinite value of the
inverse Mellin transform of [1 — K(p)]~! at argument unity. It
is entirely possible that, being infinite, the transform may have
a delta-function contribution that integrates to a non-zero value.
This is in fact the case: as will be demonstrated shortly, the
inverse Mellin transform in Eq. (23) has precisely the contribution
o(y/&—1) at & = y. This provides an extra term in Eq. (23).
The final expression for the solution for the electron-positron
distribution in the ultra-quantum limit becomes
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k Sk o
0 —1.0000 1.8986
1 0.3670 0.5188
2 1.1996 0.5203
3 2.3982 0.2765
4 3.4399 0.2431
5 4.4637 0.2217
6 5.4801 0.2058
7 6.4924 0.1934
8 7.5021 0.1833
9 8.5100 0.1750

10 9.5167 0.1677

1 ® ae
ne(y) = oy {q(v) + = q&) o(y/&) } , (24a)
) j; ¢
with
o) = Y wxt , @ = —K,% DXl < 1 . (24b)
= (—sk)

The ¢q(y) = P(y) + Q(y) term in Eq. (24a) represents the cooling
of particles out of the energy channel at y after injection there.
The values of the indices s; and the coefficients «; for k < 10
are listed in Table 1.

For power-law injection, Eq. (24) can be easily shown to
reproduce the solution of Eq. (19), with the help of the identity
in Eq. (B7) in Appendix B. This calculation is the confirmation of
the deita function contribution to the inverse Mellin transform
in Eq. (23). Without the ¢q(y) term, Eq. (24a) would not be
consistent with Eq. (19) for power-law injection. It should be
noted, however, that to form the Mellin transform of g¢(y),
the power-law must be truncated to guarantee finite values
of the transform over the entire complex plane. The case of
monoenergetic injection, for which g(y) = N (y — ymax) , yields a
distribution

N &(/Ymax)

R (y) PYmax 25)

ne(y) = > ¥ < Ymax

This is plotted in Fig. 3, together with the classical result of Eq.
(13) and a numerical interpolation between the two regimes. The
interpolation is again very good, when compared with the exact
numerical solution of Eq. (12); with an accuracy of at worst
15 percent (which occurs in the region of transition between
the classical and quantum limits). Clearly the transition from
the classical to the quantum regime flattens the steady-state
distribution by index 4/3, which is precisely the same effect as
for power-law injection (see Fig. 2), except near the injection
energy, where the distribution rises steeply. The spectral index
in the quantum regime is 2/3, whereas it is 2 for low y (the
classical case). These are consistent with the observation that
monoenergetic injection is effectively equivalent to power-law
injection with index unity. The infinite series for @(x) in Eq. (24)
is cumbersome to calculate near x = 1, so it is appropriate to
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Fig.3. The equilibrium distribution for ultra-relativistic synchrotron-

cooled electrons, for the case of monoenergetic injection normalized to
unity, with y = 103. The dotted line is the classical limiting form in Eq.
(13). The magnetic field is B = 0.05. The solid curve is the quantum
limit for the cooling distribution, given by Eq. (25). The dashed curve
is the overall steady-state electron distribution, calculated by using an
interpolation between: the classical domain (y < 4) and the quantum
domain (y > 150), and approximates the exact numerical solution of
the kinetic equation (12) to better than 15 percent in the transition
region 4 <y < 150, and is very accurate in the classical and quantum
asymptotic limits.

use an approximation. The analysis in Appendix B leads to the
expression

—1/3 -2/3
() ~ B+ pa|logt/0]| " Hpafleet/v] . @)

for 0 < x <1 and for p; =1.899, p; =0.334 and p3 = 0.354.
This approximation is accurate to better than three percent
over the whole domain 0 < x < 1 and is used in all of the
computations of this paper.

It is appropriate to make some comments on the form of
the solution for the particle distribution in Eq. (24). It bears
some similarity with form for the steady-state pair distribution
obtained in Baring (1989a) where Klein-Nishina inverse Compton
scattering was the cooling process. Comparison of the two forms
is therefore instructive, particularly since the synchrotron and
Compton processes are similar in nature, as mentioned earlier.
Both forms for the particle distribution in the quantum limit
have an injection term ¢(y), which corresponds to particles
being injected with energy y and being scattered to lower
energies. Both forms have terms involving an integral over the
injection distribution above 7y, though the integrands differ.
These integrals give the contribution from particles with higher
energies scattered into and then out of the channel with energy
y. The integrands differ because of the differences in the form
for the ultra-quantum cross-sections of the two processes. For
synchrotron radiation, in the ultra-quantum limit, the photons
produced assume energies that span the whole range of energies
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from zero up to the kinetic energy of the emitting electron,
with significant probability. However, for Klein-Nishina inverse
Compton scattering, the upscattered photons assume virtually all
of the electron’s energy in a collision (see Blumenthal and Gould,
1970). In Eq. (24a), the contribution to the integral coming
from emission where the synchrotron photon has virtually all
of the energy of the electron corresponds to small arguments
of the function @(y/¢). This is because @(x) simply represents
the ‘downscattered’ distribution of electrons for monoenergetic
injection. For low arguments, ¢(x) oc 1/x, and the form of the
integral term in Eq. (24a) then is almost identical to that in
the equation for the pair distribution for the case of inverse
Compton scattering in Baring (1989a), the only difference being
a logarithmic term due to the asymptotic form of the IC reaction
cross-section. Therefore the main difference between the two
cases is that here, since the synchrotron spectrum produced
by an electron of energy y is broad, the contributions of the
reactions where the particle loses only part of its energy give rise
to a significant contribution from @(y/&) in Eq. (24a) when y/&
is not small.

5. Photon spectra from synchrotron cascades

Having derived solutions for the particle distributions, photon
spectra can now be obtained. Before including the effects of
pair production, it is instructive to obtain the spectra from pure
synchrotron cascades. Although these are physically unrealistic,
since the magnetic fields required to produce quantum effects in
the synchrotron spectrum will guarantee pair production also,
except in contrived geometries, they nevertheless prove helpful
in understanding the nature of pair cascade spectra. Photon
splitting and pair annihilation are neglected in the considerations
of this section.

5.1. Pure synchrotron cascades

Neglecting pair production, the injection of electrons appearing
in the equations for the equilibrium electron distribution can be
simply prescribed with no need to determine any reprocessing.
The photon spectrum is then a solution of Eq. (2), without
the photon splitting and pair annihilation terms, setting the
photon absorption depth 7,(¢) to zero. With the aid of Eq.
(6), the spectrum is easily computed. For power-law injection,
the asymptotic limits for the electron distribution obtained from
equations (13) and (19) are power-laws, so the emission spectrum
results in Eq. (5) are useful. These yield limiting forms in the
classical (¢éB < 1) and ultra-quantum (&B > 1) regimes for the
steady-state photon number distribution of

NV3 9
n(e) = =
. (p—D(@p+2) (27a)
X F(% + %)F(g + %)[33] @_2)/237(P+2)/2 ,eB<1;
and
w0 = B8 e 1
I'(p+4/3)  1I(p—2/3) e? . eB>1 )
T(p+2 3 I'(p+1) ’ '

Therefore, the spectrum will steepen in the quantum regime if
the injection index p exceeds two; otherwise it will flatten. This
behaviour is illustrated in Fig. 4. Whether or not the index
increases in the quantum regime reflects whether or not the
increase in the electron population due to the discrete cooling
dominates the reduction in the emissivity (caused by the photon
recoil). As p approaches unity, most of the power in the photon
spectrum is emitted at high energies. In realistic models, the
electron injection will have an upper limit ypax that will form the
upper cut-off to the photon spectrum. The curves in Fig. 4 have
used the E.R limit of Eq. (14) for the classical cooling rate. The
asymptotic limit in Eq. (27) has used this ultra-relativistic limit
for simplicity. Mildly relativistic modifications to the synchrotron
cooling will become significant at low harmonics and are outside
the scope of this paper. The curves in Fig. 4 display a ‘transition
shelf, which reflects the competition between the decrease in
spectral emission and the increase in the equilibrium electron
population in the quantum regime. The flattening/steepening of
the spectrum in the quantum regime, depending on the value
of the injection index, is precisely the same behaviour observed
in Klein-Nishina Compton equilibria (see Baring, 1989a). Notice
also that the photon number distribution index is precisely the
same as the electron injection index, as is the case for the
Klein-Nishina cascades examined in Baring (1989a). This is a
consequence of the flattening in the quantum regime of the
electron distribution being described exactly by the decline in the
synchrotron cooling rate, together with the fact that the emitted
photons assume significant fractions of the particles’ energies.
For monoenergetic particle injection, the steady-state electron
distribution has an index of two in the classical regime and of
2/3 in the quantum limit. Therefore it can be deduced that the
corresponding indices for the photon spectrum in the limiting
cases are 1/2 and zero, respectively. These also correspond to
the case of power-law injection of index unity.

5.2. Pair production and reprocessing

For the environment of a gamma-ray burst source, if the magnetic
field is sufficent to reveal the quantum features of synchrotron
radiation, the absorption depth of photons to pair production will
be much greater than unity. This leads to dramatic attenuation
of the gamma-ray spectrum somewhere above the threshold
¢ = 2. The absorption depth rises exponentially above threshold
according to Eq. (11b), peaks at ¢ ~ 1/B, and then declines very
slowly as the power-law in Eq. (11a). The photon spectrum turns
over when the depth equals unity: for an emission region of size
10%cm and field B = 0.05, this occurs at & & 2.5. The produced
pairs cool by radiating synchrotron photons, which subsequently
can produce more pairs. This second generation will be created
with almost certainty (since the attenuation depth is so large)
provided the photon energy exceeds threshold. This cascade
process continues until the threshold is reached. The net effect is
that virtually no photons will be emitted above threshold, but the
absorbed ones are reprocessed to energies below & = 2. It is the
study of this reprocessed radiation that is the main objective of
this paper. Equations (2) and (3) are solved numerically, this time
including the absorption depth 7,(¢), obtained by integrating
the pair production spectrum in Eq. (A5) weighted by the pair
distribution, and including the total pair production spectrum
P(y), obtained by integrating Eq. (AS) weighted by the photon
spectrum. The pair distribution is obtained as described in Sect.
4. The analytic forms given in Sect. 3 and Sect. 4 for power-law
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Fig.4. The synchrotron emission spectra resulting from the electron

distributions in Fig. 2. The electron injection index is p, giving classical
spectral indices (for ¢ < 1) of p/2 = 0.75, 1.00, 1.25 and 1.50 in order
from top to bottom. The corresponding quantum indices are p—1 = 0.5,
1.0, 1.5 and 2.0 when ¢ > 1 (see Eq. (27) ). The quantum spectrum is
flatter than the classical for p < 2 and steeper otherwise. This change
in index, and the presence of a transition shelf at ¢ ~ 30, reflects the
competition between the decrease in spectral emission and the increase
in equilibrium electron population, illustrated in Fig. 2, in the quantum
regime.

injection prove helpful in the understanding of the reprocessing.
Here the case of power-law injection is of interest, and the results
for monoenergetic injection will be referred to only briefly.

First consider energies well above the pair production thresh-
old. Although not much of the photon luminosity is emitted
at these energies, for flat electron injection spectra, most of the
power is injected at these energies, and so the nature of the ra-
diation spectrum below threshold will be strongly influenced by
the reprocessing at high energies. In this ‘ultra-quantum’ regime,
the analytic approximations to the spectral rates and absorption
depths derived earlier render the examination of the cascading
process simple. Given a power-law injection of electrons or pairs
with index p, what is the expected production spectrum of
first order pairs? In this ultra-quantum regime, the equilibrium
electron index is p —1/3 (see Sect. 4), giving an unattenuated
photon distribution index of p, as in Eq. (27). Using Eq. (11a),
the pair production attenuation gives a photon distribution index
of p—1/3 (ie. spectral index p —4/3), which then results in
the creation of a first order pair generation with index p, using
Eq. (10). Therefore it follows that each successive generation
of pairs in the ultra-quantum regime has the same index, and
this equals the electron injection index. It can be said that the
pair generations “trace” the injection. It is not surprising that
this occurs. As found in the previous subsection, the photon
distribution “traces” the injection. For precisely the same reason,
the pair production traces the photon distribution, and hence the
electron injection: the attenuation of photons modifies the pho-
ton distribution (to give its equilibrium form) in exactly the same
fashion that the pair production rate declines. This “tracing”
is an important feature of this linear cascade, since it implies
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that for power-law injection, a specific power-law form for the
pair production spectrum provides a self-consistent solution for
the equilibrium equations. The ratio of the pair production rate
P(y) at equilibrium to the injection rate Q(y) becomes just a
function of the index p in the ultra-quantum regime, and is even
independent of the field strength. It can be found easily by using
equations (10), (11a) and (27). The ratio 4 = P(y)/Q(y) is given
by

r’*a/3) rep—1/3)
1-K) 30zv/3 T(P+2)

(9p> + 1)(9p> + 3p + 8)
GBr+4HQ@p+1DBp—2)

A 1

1+ —

(28)

Clearly this means A can assume all positive values. For large
p, A approaches zero and the cascade has virtually no pair
reprocessing, as would be expected for steep injection. The
divergence of the denominator in Eq. (28) as p — 1 implies
that a range of values of p give no solution for A. This
range, which is actually 1 < p < 1.55, is an artifact of the
calculation, where infinite distributions have been used. Problems
with infinite power-law injection appeared in the analysis of the
last subsection and that in Sect. 4 where injection with an index
less than 4/3 gave infinite numbers of particles and photons.
Truncation of the distributions would eliminate these problems,
and guarantee a solution for A. The most important deduction
from Eq. (28) is that a decrease in the injection index gives an
increase in the contribution of pairs, and that this contribution
can dominate the injection. While P(y) = AQ(y) is the total
contribution from pairs, {1/(1 +4)}"Q(y) is the n'* generation
of the pair cascade at high energies. For p =2, 1 =0.462 while
for p =3, 1 =0.186. An equilibrium spectrum displaying the
high energy attenuated portion of the photon spectrum is plotted
in Fig. 5, the distribution index being p at high energies. Since
the spectral index in the tail is p —4/3, when p < 8/3 the
high energy spectrum is flatter than the low-energy synchrotron
cooling spectrum (with no reprocessed radiation included).

The reprocessing at high energies is a major factor in
determining the spectrum at much lower energies. The high
energy spectrum is of little consequence on its own because its
small magnitude makes it effectively unobservable in sources.
The cascading at high energies merely provides a source of
mildly relativistic pairs as the end product. However, the photons
created at low gamma-ray energies ¢ < 2 are produced by pairs
with energies y ~ 10 — 20. These are in turn created by photons
with energies & ~ 20 — 40 almost in the power-law portion of the
spectrum, as is evident from Fig. 5. Therefore, the reprocessing
in the high energy tail can be expected to determine the shape
of higher order contributions to the low energy gamma-ray
spectrum. For an electron injection index of p, the reprocessing
gives an index of p for all pair generations. This is valid above
y ~ 10, otherwise the mildly relativistic exponential form of the
pair production cross-section and the quasi-classical synchrotron
cooling become important. These ‘moderate’ energy pairs produce
the reprocessed low-energy gamma-ray photons and hard X-rays
below the pair absorption threshold , via quasi-classical emission
(see Fig. 4). Therefore, using Eq. (5), and the fact that at these
energies the equilibrium pair distribution is given by the classical
cooling formula in Eq. (13), the spectral index for the higher
order contributions (all of them) of reprocessed radiation is p/2
just below the turnover. This is precisely the spectral index of
radiation in the classical regime when the contribution from
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Fig.5. The equilibrium photon number distribution incorporating the

effects of pair production for B = 0.05 and an electron injection index
of p = 2.5. The pair absorption turnover at ¢ ~ 2.5 is effectively a
truncation as it results in an increase of spectral index of about 30.
For p this large, the pair reprocessing is not sufficient to increase the
emission below the turnover significantly, and the spectrum has the index
of 1.25 that corresponds to the classical regime of emission without pair
attenuation. For large &, the pair absorption occurs in the power-law
tail of the quantum production cross-section and leads to an index of
p—4/3 = 7/6. Hence, in this case (since p < 8/3) the high energy tail
is flatter than the unabsorbed portion of the spectrum. The absorbed
portion is effectively unobservable everywhere except near the turnover
because it is so deep. In this cascade ymax = 108 and h =10 cm is the
height of the photon absorption/emission region.

reprocessing is small. This important result, that the reprocessing
of the radiation spectrum due to the pair cascade does not change
the soft gamma-ray spectral index, is a consequence of the higher
order pair generations “tracing” the injection, and the fact that
the quantum production of pairs influences the non-quantum
regime of synchrotron photon production. This coupling between
the quantum and classical regimes does not occur in Klein-
Nishina Compton cascades (see Zdziarski, 1988) because in such
cascades, a photon assumes virtually all of the energy of the
cooling E.R. electron, not a fraction as is the case here for
synchrotron emission.

The reprocessing contribution for different orders is plotted
in Fig. 6, illustrating the unchanging spectral index. Note that
this unchanging behaviour contrasts with classical regime of
Compton pair cascades, where the pair reprocessing can change
the X-ray spectral index significantly (see for example Lightman
and Zdziarski, 1987). From Eq. (28), for the injection index of
p = L.75 used in the plots of Fig. 6, 4 = 2.10. The “pile-up”
at moderately relativistic energies (where Eq. (28) does not
accurately describe the pair production) of pairs that result from
the cumulative effect of the reprocessing at E.R energies gives a
net pair contribution that is greater than that given by the ultra-
relativistic ratio A. This is clearly evident in Fig. 6, where the
contribution of pairs at low energies yields P(y)/Q(y) ~ 8 > A.
The equilibrium pair spectrum “pile-up” at moderately relativistic
energies affects the spectrum at lower energies than are illustrated
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Fig.6. The low-energy portion of the photon number spectrum for

an injection index of p = 1.75 and magnetic field of B = 0.05. The
various orders of pair reprocessing are shown: from bottom to top, the
first, third and fifth, with the equilibrium spectrum illustrated as the
solid curve at the top. Each order is represented as the sum of all lower
orders. The turnover is still effectively a truncation. The reprocessing is
significant but does not change the spectral index. This is a feature of
the synchrotron pair cascade reflecting the influence of reprocessing at
high energies on the emission in the hard X-ray portion of the spectrum.
The high energy pair contribution gives a pair production/injection ratio
of 4 =210 using the definition in Eq. (28). The figure shows that the
pair contribution at lower energies is much greater. Other parameters for
this cascade are ymay = 10® and a height of 4 = 105 cm for the photon
absorption/emission region.

in Figs. 5 and 6, where the calculation of reprocessing of the
spectrum requires the inclusion of mildly relativistic corrections
to the synchrotron emission and cooling modifications to the pair
distribution, and inclusion of cyclotron harmonic features. These
developments are outside the scope of this paper. The value of
ymax = 10® used in the cascades is very high for motion transverse
to the field, even for the most efficient acceleration mechanisms.
It is chosen for its convenience in illustrating high energy spectral
results. In detailed modelling of burst spectra, a value as low
as Pmax = 102 is more appropriate. With this much lower value,
the nature of the cascade reprocessing is barely changed: it still
does not alter the spectral index below the turnover — only the
overall contribution of the reprocessed radiation is reduced. This
is confirmed by numerical computations. Lowering ymax even
further forces the cascade energies near to the pair production
threshold, with the nett result that the ultrarelativistic results
here no longer apply and the cascade tends to steepen the
spectrum. This is evident in the numerical calculations of Preece
and Harding (1989).

Figure 6 demonstrates that pair cascade development has
no noticeable affect on the position or sharpness of the pair
production absorption feature. An estimate for the spectral index
just above the absorption turnover is obtained fairly easily. The
pair distribution does not have a similarly sharp dip at some
energy corresponding to the production threshold (which would
be at y ~ 1) since the turnover in the photon spectrum is
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closely matched by the rapid increase in the cross-section for
the production of pairs. Therefore, it is expected that the pair
distribution has much smoother behaviour, which is confirmed by
numerical calculations. So, the pairs will produce a synchrotron
spectrum of the same index at & above the turnover (before
absorption) as below it. Hence the steepening at the turnover
is purely due to the slope of the absorption depth 7,(¢) at the
turnover, where the depth equals unity. Using the E.R. limit
of the exponential form in Eq. (11b), for an absorption region
of height 10° cm, the steepening is by an index of roughly
30 for a magnetic field of B = 0.05 (see Baring, 1988b for a
discussion). This effective truncation, not observed in gamma-ray
burst spectra, can be significantly modified by allowing angular
distribution of photon propagation, as is mentioned in Sect. 7.

5.3. The pair yield

The most commonly used measure of pair production efficiency in
the theory of Compton pair cascades is the pair yield introduced
by Guilbert, Fabian and Rees (1983). It has not been used
previously in the study of magnetic field cascades. Baring (1988b)
defined an efficiency for the first stage of the pair cascade, called
the first order pair product. This however, did not include the
effects of subsequent stages of reprocessing, unlike the pair yield,
which is defined to be the ratio of the rate of production of pairs
to the rate of injection of luminosity into the emission region. In
the notation used here (see also Lightman and Zdziarski, 1987),
the pair yield Y is given by

Ymax Ymax
f P& dy / f1 00) (& — 1) dy
1

This is clearly the efficiency of the production of rest mass energy
of pairs. It is plotted as a function of the spectral index for power-
law injection of fixed luminosity, for two different magnetic fields
in Fig, 7. As expected the pair yield increases as the spectral
index decreases below 3, since the flattening injection permits
more pair production. But the yield then turns over and drops
as the index decreases further. This is a consequence of the pair
production “tracing” of the injection. For flat injection, a lot of
reprocessing in the high energy domain occurs, and so Eq. (28)
accurately defines the ratio 4 of pair production to injection.
But the denominator in Eq. (29) is a kinetic energy, and for
Q(y) ~ 7P, it increases dramatically as p decreases below two.
This increase is faster than the increase of 4 so that the net effect
is a drop in the pair yield. It should be observed that the decrease
in the pair yield does not contradict the notion of increased pair
production for flatter injection as embodied in Eq. (28). For
flatter injection, for a given luminosity, a higher fraction of the
particles are injected at higher energies, and hence spend more
time in the E.R. portion of the cascade. This gives the deceptive
appearance of there being more pairs, which is certainly true
in the tail, but fewer appear at the low energies that produce
the hard X-ray spectrum. The cooler pairs provide the basis
population for end-product pair rest energy, which would then
be expected to be lower. Indeed, the simple energy conservation
consideration that for a given injection luminosity, the photon
luminosity increases as the injection flattens to around p = 1.5,
predicts that the corresponding pair rest mass luminosity would
be lower, and hence the pair yield.

Y = (29)
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Fig.7. The pair yield, defined in Eq. (29), obtained for a variety of

different electron injection indices p. The solid curve represents a field
strength of B = 0.05, while the dashed curve corresponds to B=0.1. A
characteristic feature to note is the decline at low indices, a consequence
of the increase in injected luminosity for flat injection. For higher p, the
yield declines since the contribution above the pair production threshold
diminishes. For p < 2 the yield becomes more or less independent of the
magnetic field; this independence in the pair production rate is expressed
in Eq. (28). But generally, an increase in the field gives a higher yield.
The yields are of order of a few percent, typical of efficient pair cascades.
These cascades have ymax = 108 and height h = 10% cm.

Further note that for such flat injection, the ratio 4 becomes
independent of the field, and leads to the pair yield being
independent of the field. This is clearly demonstrated in Fig. 7,
and is to be expected because pair creation characteristics become
purely dependent on the shape of the particle distributions
in the high energy domain, the field playing no role other
than providing a step-function pair absorption profile and a
fixed energy profile for synchrotron emission: the shapes of
these profiles are independent of the field strength, and their
magnitudes scale out of the problem. Despite this behaviour for
flat injections, an increase in the field strength still gives a greater
yield. And finally note that the pair yield is of the order of a few
percent, typical of Compton cascades as well.

6. Pair annihilation and photon splitting

Having determined the nature of pair reprocessing in the syn-
chrotron cascade, it is appropriate to discuss briefly two other
processes that have a significant influence on the low-energy
gamma-ray spectrum of gamma-ray burst sources, namely two-
photon pair annihilation and photon splitting in the strong field.
The discussion here is qualitative owing to the deficiency in the
literature of suitably convenient forms for the reaction rates of
these processes.
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6.1. Two-photon pair annihilation

This interaction, although well-known in the field-free case,
has only been examined in special cases in the strong field
limit, owing to the complexity of the matrix elements. One-
photon annihilation has been studied more comprehensively,
but this is normally smaller than the two-photon process in
a neutron star environment (Baring, 1988b). The rate of two-
photon pair annihilation decreases below the field-free value
when the magnetic field approaches the quantum critical field
B, (see Wunner, 1979; Daugherty and Bussard, 1980). This is due
to the non-conservation of momentum perpendicular to the field
and the different phase space densities due to the quantization of
the transverse orbits of the pairs. The simplest case to analyze is
for annihilation of pairs at rest, and is the situation most studied
in the literature. When the field is zero, the photons emerge with
identical energies equal to the electron rest mass energy. In the
presence of a magnetic field, the lack of conservation of transverse
momentum permits a broadening of the line (Daugherty and
Bussard, 1980; Wunner, Herold and Ruder, 1983) and leads to
assymetry in the line about energy m,c? (Kaminker, Pavlov and
Mamradze, 1987). This magnetic broadening is quite significant
at B =0.1. The analysis of Kaminker et al. reveals that emission
of photons perpendicular to the field dominates other angles
and that in this case the width of the broadening is roughly
VvB. The broadening might be in addition to or a substitute
for the usual thermal broadening (which has a width /@ for
temperature @ ). Zheleznyakov and Litvinchuk (1985) pointed
out that in a plasma that cools by synchrotron radiation in a
strong magnetic field, the pair component contributing to the
annihilation line has a one-dimensional distribution along the
field lines that is quasi-thermal with a “temperature” ® ~ B.
This is because relativistic electrons lose their transvere energy
rapidly in the cooling, but maintain their longitudinal velocity.
The cooled electrons can only lose energy further via a process
of collisional excitation (which is likely in the emission region
since the optical depth is moderate) and subsequent synchrotron
emission. Cooling finally stops when the collisional excitation
ceases, and this would correspond to a longitudinal temperature
of the same order as the energy B of the first Landau level.
Therefore the magnetic broadening would be expected to be
about the same as the Doppler broadening.

Exact modelling of the line shape in the field including
a thermal broadening involves numerical computation of the
complicated expression for the annihilation cross-section, and is
a time-consuming task. The process of photon-splitting, discussed
in the next subsection, can broaden the line even further, forming
a continuum at lower energies, possibly even destroying the
line. Analysis of this is even more difficult. The most pressing
question is whether the line, broadened and possibly degraded,
is observable above the continuum synchrotron emission. The
answer is discussed in Baring (1988b), where pair reprocessing
in a synchrotron emission model of burst sources was neglected.
The nature of the pair reprocessing studied in this paper does
not change the observation made by Baring (1988b): that the
criterion for the luminosity of the annihilation line to guarantee
its visibility above the continuum is that the optical depth
of the cool pairs be greater than or of the order of unity.
This criterion was obtained be demanding that the field-free
two-photon annihilation luminosity is a sizeable fraction of the
synchrotron continuum, which observationally is set to be some
significant fraction of the Eddington luminosity. In the context

of the cascade model here, this criterion is the same, and the
contribution from reprocessing (which alters the continuum by
roughly an order of magnitude at most) leads to the selection
of the electron injection compactness (an arbitrary parameter) to
produce the required observed luminosity. From the point of view
of the pair reprocessing, in a self-consistent pair cascade model,
the equilibrium density of cool pairs is found by equating the two-
photon annihilation rate to the single-photon pair production
rate. In the same way as for the Compton cascade of Guilbert,
Fabian and Rees (1983), this equation leads to an estimate
71 ~ +/IY for the optical depth, where Y is the pair yield (see
also Baring, 1988b) defined in Eq. (29). For the pair cascades
considered here, the pair yield is of the order of a few percent, and
the electron injection compactness I, needs to be considerably
greater than unity to give the observed luminosity (l. ~ 1000
gives the Eddington luminosity), even when the reprocessing is
taken into account. So the optical depth is typically of the order
of unity or perhaps even greater, and it can be concluded that
Compton scattering of the line will be significant, if not fatally
destructive (the cross-section increases in a magnetic field due to
resonance structure).

6.2. Photon splitting

The importance of photon splitting in a neutron star magneto-
sphere was outlined by Usov and Shabad (1983), who predicted
that the polarization properties of the process would provide a
diagnostic for observation of pulsar field strengths. The impor-
tance of this process for the modification of gamma-ray burst
spectra was discussed by Mitrofanov et al. (1986) and by Baring
(1988b). At present, the literature lacks simple compact expres-
sions for the rate and spectrum for this interaction in the range of
energies of interest here. Complicated triple-integral expressions
requiring computational evaluation for the splitting spectrum in
the absence of dispersive effects have been derived by Papanyan
and Ritus (1972), Stoneham (1979), and Baier, Mil’shtein, and
Shaisultanov (1986). Simple analytic results for the spectral rate
of splitting exist for photon energies ¢ < 1 (Adler, 1971) and
&> 1 (Papanyan and Ritus, 1972) in the weak field limit, B < 1.
Unfortunately no equivalent results exist for photon energies
just below the pair production threshold & = 2, the region of
most interest in the study of pair cascades in burst sources. It
is only at such energies that the splitting is not swamped by
pair production and can therefore be effective in degrading the
emission spectrum. At low photon energies, Adler (1971) showed
that the optical depth (dependent on the polarization states of
the incident and produced photons) is proportional to & and
is clearly less than unity for & slightly less than unity in a
gamma-ray burst environment (Baring, 1988b). At high energies
the optical depth decays as &!/3 (Papanyan and Ritus, 1972)
and is less than unity and much less than the single-photon pair
production depth. In the region of intermediate energies, the
optical depth can be evaluated numerically from the complicated
triple-integral expressions calculated by the authors mentioned
above. This is a task that remains to be done.

However, the general nature ‘of the spectral modifications
caused by photon splitting can be deduced without detailed
computation. The spectral rate for this interaction takes the form
S(e,w) = e*k(w/e) for some function x(x), where a photon of
energy ¢ decays into photons of energies w and ¢ — w. The
symmetry of the process under the exchange of the final photons
demands that x(x) = k(1 — x). In general A is a function of ¢,
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but it is supposed that it is slowly varying. Indeed, for B <1,
A is independent of ¢ when ¢ <1 (see Adler, 1971) and when
¢ > 1 (see Papanyan and Ritus, 1972). From these limiting forms,
it can be deduced that A lies somewhere between 4 and —4/3
when ¢ ~ 1. Assuming a power-law form for the portion of
the photon spectrum that is degraded by photon splitting, the
equilibrium Eq. (2) can easily be shown to yield a power-law
spectrum that is steepened by splitting by an index of 1+ 4 from
that obtained in a pair cascade without splitting (see Baring,
1988b). This steepening occurs for the range of & where the
splitting optical depth exceeds unity (the steepening is expected
to be roughly between index two and five), and obviously varies
over this range because A varies with energy. Since 4 is expected
to decrease with increasing energy, it follows that the net effect
of the photon degradation is to cause a turnover in the spectrum
at ¢ ~ 1 that is a “precursor” to the pair production turnover
at ¢ = ¢ > 2, and then the spectrum flattens as ¢ — ¢ before
pair production becomes prolific. This “precursor” turnover is a
useful observational diagnostic for the magnetic field in gamma-
ray burst sources if such a break is observed. Further theoretical
work is needed to obtain the behaviour of the splitting cross-
section at energies around & = 1 so that the potential of this
diagnostic, given good observational data, is fully realizable.

7. Summary and Discussion

This paper has solved the steady-state kinetic equations for
the electron-positron and photon distributions self-consistently
in the strong magnetic field expected in the environment of
a gamma-ray burst emission region. The quantum nature of
synchrotron radiation becomes apparent in such a field, and the
quantum process of single-photon pair production becomes very
probable. These processes were discussed in some detail in Sect.
3, and useful results for their reaction rates and spectra were
stated, to facilitate understanding of how they determine the
cascade spectra. The solution of the steady-state equation for
synchrotron cooling of electrons was the subject of Sect. 4. The
classical case is well-known in the literature, but the solution
in the quantum limit is newly derived here. It is found that
for power-law injection, while the cooling steepens the electron
distribution by an index of unity in the classical case (identical
to the case of inverse Compton scattering), in the quantum limit
the index is decreased by 1/3. This flattening reflects the fact
that on average, in the quantum regime photons are emitted
with energy proportional to the electron y (whereas the average
energy varies as y2 in the classical limit). It is also a signature of
the decrease in the synchrotron rate in this regime. In Compton
cascades (see Baring, 1989a), this flattening is by index unity —
the difference reflects the differing quantum forms for the rates
of these processes. In Sect. 5, the spectra from these synchrotron-
cooled equilibrium distributions were obtained. These revealed a
spectral break that flattened or steepened in the quantum regime
depending on whether the injection index p was less than or
greater than 2. This dependence was found to be a consequence of
the competition between the flattening of the electron distribution
and the decrease in the photon emission rate. Incorporating pair
production lead to the important result that the equilibrium
situation gives pair generations that have the same spectral index
at high energies as the electron injection. This “tracing” follows
from the equilibrium nature of the model, together with the
fact that for the ultra-quantum limit of synchrotron radiation
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and pair production, the photon and electron/positron energies
“trace” each other, ie. are proportional.

The nature of the cooling in the cascade reprocessing at
high energies, namely that the synchrotron photons assume
roughly a quarter of the energy of the emitting electron (and
not the total energy), ensures that the reprocessing in the ultra-
quantum limit determines the photon spectrum below the pair
production turnover at ¢ ~ 2. The “tracing” then implies that
the inclusion of pair reprocessing does not alter the hard X-ray
spectral index, which therefore retains its classical value of p/2
for power-law electron injection with an index of p. This is
the main result of this paper, and contrasts with the changes
in index observed in the non-linear Compton pair cascade
models of AGN spectra (see Lightman and Zdziarski, 1987).
The reprocessing does give a significant increase in the emission
intensity, which is by about a factor of ten for flat injections
with p ~ 1.5. The energy and sharpness of the pair absorption
turnover at & ~ 2 is not modified by the reprocessing. In Sect.
5.3, the pair yield was also obtained and found to be of the
order of a few percent and be roughly independent of the field
strength for flat injections, peaking at an injection index of
p ~ 2.25. In Sect. 6, emission by two-photon pair annihilation
was discussed qualitatively. Magnetic broadening of the line is
expected to be quite significant, leading to a line-width of the
the order of +/B, which is that which is expected with purely
thermal broadening, This is comparable to the observed widths
of gamma-ray burst annthilation features, though the moderate
optical depths expected might preclude observation of these
lines. Photon splitting produces a small spectral break at around
¢ ~ 1 that flattens as the pair absorption is approached. This
break, if observed, provides another possible way to obtain an
estimate for the magnetic field. The splitting process also has the
characteristic signature that it very selectively polarizes radiation.

One of the assumptions of the cascade model here was
that the pairs are isotropic when emitting synchrotron photons.
This is clearly innacurate in realistic situations since synchrotron
emission anisotropizes the electron-positron distribution: the
velocity of the particles parallel to the field is constant throughout
the emission process. Further, the creation of pairs by photons
yields pairs with an anisotropic distribution of angles. The key
feature of the cascade processes, though, is that their nature is
mostly determined by particle and photon motion perpendicular
to the field. Angular distribution of the species therefore would
not be expected to produce major qualitative modifications
to the analysis of the cascade reprocessing. The assumption
of isotropy is then not inappropriate. In the classical regime
the anisotropic synchrotron cooling of an electron population
was analyzed by Brainerd and Lamb (1987). Baring (1988b)
observed that incorporation of the cooling anisotropies did not
alter the equilibrium spectral index from p/2, only the spectral
magnitude slightly. In the quantum domain, cooling anisotropies
have been considered by Brainerd (1989a). From his Eq. (A8) it
can be deduced that a power-law electron injection with index
p yields an equilibrium anisotropic cooling distribution with
index p— 1/3, which is precisely the result of Eq. (19) here. The
only difference is the total population and the anisotropy. This
qualitative similarity is not surprising, since the only differences
between isotropic and anisotropic scenarios can be expressed in
terms of factors that are angle averages.

It is important to note that this discussion applies to models
where there is not extreme anisotropy. If the particles are beamed
along the field lines, as they are in electric field acceleration
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models in pulsar theory (see for example, Sturrock, 1971), then
a synchrotron emission model requires the particles to acquire
some transverse momentum before radiation can be produced.
This excitation can easily be achieved in a gamma-ray burst
environment by particle scattering, since the optical depth is
expected to be of order unity or greater. Provided that the
particles do not escape along open field lines, the nature of
pair cascade reprocessing is then similar, but the whole model
has to be viewed in a frame in which the particles are not
highly anisotropic. This frame then has a high y-factor relative
to the rest frame of the neutron star. These highly anisotropic
models are often invoked when an electric field mechanism for
the acceleration of the relativistically injected particles is used.

The assumption of propagation of photons perpendicular to
the field is another analytic convenience, but has more significant
implications. The absorption of photons in the production of
pairs is strongly dependent on the quantity B, = Bsina, where
o is the angle of propagation of the photon parallel to the
field. The absorption depth in Eq. (11) for arbitrary angles
of photon propagation can be obtained by the substitution
B — B . The absorption turnover is then determined by the
value of B, which is a function of «. For photons travelling
nearly parallel to the field lines (of which there are few since
the synchrotron emission peaks at o« = n/2), the turnover is at
energies ¢ > 2. Permitting angular distribution of the photons
makes little difference to the nature of the reprocessing, the study
of which is the objective of this paper, but can significantly
influence the shape and position of the spectral turnover. This
can then significantly alter the abruptness of the gamma-ray pair
production absorption turnover in observations, as is discussed
in detail in Baring (1989b).

Appendix A

This Appendix lists the results given in Baring (1988a) that
are used in this paper. The first is the emission spectrum of syn-
chrotron radiation from monoenergetic electrons, incorporating
the mildly relativistic regime (for photon energy w):

2
. e (mec) {
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The width 4, is a result of the integration over pitch angles and

is given by
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In the ultra-relativistic limit, Eq. (A1) reduces to Eq. (4a) exactly.
The mildly relativistic corrections are contained in the integration
width A4, the coefficients ¢ and x, and the extra term.

The expression for the production spectrum of pairs by
photons of energy w > 1+ 1y, including the mildly relativistic
corrections near threshold as derived in Baring (1988a), is
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where ¢ = —{ and ( is given by Eq. (A2). The coefficients o
and y are given in Eq. (A3), and 4, is obtained from Eq. (A4).
It should be noted that Eq. (39) of Baring (1988a) contains a
typographical error. This concludes the summary of results that
are used in the analytic and numerical calculations of this paper,
obtained from Baring (1988a).

Appendix B

The properties of K(p) and @(x) that are useful in Sect.
4 are summarized in this Appendix. The integral form in Eq.
(19) for K(p) is valid only for real p exceeding unity; Eq.
(20) is the definition of K(p) over the entire complex plane.
A graph of a portion of K(p) on the real axis is given in
Fig. 8. It decreases monotonically as p — oo, where Stirling’s
formula for the Gamma functions can be used to show that
K(p) ~ (9/7)/I' (2/3) p~1/3. The poles of K(p) are the poles of
I'(p—1/3), namely p = 4/3 —k for positive integers k. These
poles are all simple, and define an infinite set of branches of K(p)
along the negative real axis: in the domain (1/3 —k, 4/3 —k)
of each branch K(p) is monotonic and decreasing. Therefore,
in each branch there is only one root p = —s; to the equation
K(p) = 1. The zeros of K(p) occur at all non-positive integer
values of p so that it is easily deduced that the s; satisfy
k—1<s; <k—1/3. For large branch number k the branches
steepen and approach the vertical asymptotes p=1/3 —k. It is
then possible to derive an asymptotic formula for the roots sj.
This can be deduced by setting p = 4 —k and using reflection
formulae for the Gamma functions (see Abramowitz and Stegun,
1965). Application of Stirling’s formula then yields, for k> 1,
sin(rd) 1

7r(2/3) sin[z(i— 1/3)] 5173

K@A—k) ~ .3 <A<l .(BY

Therefore, for large k, the roots of K(p) = 1 correspond to
A~ 1/3. It is then easily shown that they have the behaviour
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Fig.8. The function K(p) defined in Eq. (20), plotted along the real axis.

The monotonic behaviour of K(p) in each branch along the negative real
axis between consecutive poles guarantees a single root to the equation
K(p) =1 in each interval [1/3 —k, 4/3 —k] for positive integral k.

9v3
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se ~ k— 4 ~ 0262 (B2)

U et

for k — oo. The values of s; for k < 10 are listed in Table 1.
Numerical computations confirm the validity of Eq. (B2).

For each root s, a coefficient «; is defined in the power
series in Eq. (24) for the kernel @(x) in the integral expression for
the pair distribution in the quantum limit. Since these coefficients
are derivatives of K(p), they can be easily expressed in terms of
the logarithmic derivative v (see Abramowitz and Stegun, 1965)
of the Gamma function. Using the fact that K(—s;) =1, it is
easily shown that

6(3s — 1)

K oL B3
93%—6sk—1 (B3)

2 = W—s) —ws—1/3)+

The values of o, for k < 10 are listed in Table 1. The
kernel ¢(x) in Eq. (24) is proportional to the pair distribution
for monoenergetic injection. Since the indices s; in the series
expression for ¢(x) become evenly spaced an integer apart
for large k, the asymptotic behaviour of the coefficients oy
determines the convergence of the series. Since the poles of K(p)
are all simple, the ratio of the derivative to K near a pole
assumes the simple form (A —1/3)K’(p) ~ —K(p) for p=1—k
with A ~ 1/3. It then follows that

w5, 0w 0262, (B4)

for k> 1. Again, numerical computations verified this behaviour.
From the form of Eq. (24), as x approaches unity, the series
for @(x) approaches the series for the Riemann zeta function
{(1/3) and therefore diverges.
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It is now possible to elucidate the overall behaviour of &(x)
and therefore find a convenient approximation to it. This is
useful since numerical evaluation of the series for ¢ is time-
consuming. From Eq. (24b), for x < 1 the first term of the series
dominates and so @(x) ~ op/x. This is also evident from the
contour integral expression for ¢(x) that can be obtained from
equations (21) and (23): the contribution to the integral comes
from around the pole at p = 1. So @(x) is not integrable at
x = 0, but this causes no problems on physical grounds: for
monoenergetic injection, n(y) is still integrable at low energies,
though the classical domain is encountered well before y ~ 0.
How does &(x) diverge as x — 1? It is integrable, as can
be demonstrated by integrating the series in Eq. (24) term by
term: the resulting series is finite at x = 1 since it is bound
asymptotically by the Riemann zeta function {((4/3). Subtle
manipulation of the series is necessary to ascertain the behaviour
for x near unity. In this domain, the series is dominated by the
contribution from high order terms. Therefore it is appropriate
to set oy & pk~!/3. This behaviour of the coefficients has its
origin in the asymptotic behaviour of the ratio of the Gamma
functions in the definition of K(p). Therefore, using the fact that
kY3 ~ T (k—1/3)/I (k) for large k, the coefficents of the series
asymptotically approach a Beta function B{(k —1/3,1/3). This
can be written in its integral form (see Gradshteyn and Ryzhik,
1965) and the series easily summed to give

Q

1
dt
o(x) ~ F(f/3)f0 T — = > 1 . (BS

The dominant contribution to the integral comes from ¢ ~ 1.
Evaluation of Eq. (B5) is then straightforward, yielding

9v3 1

T g3 0 X

o(x) ~ (B6)

A significant contribution to @(x) comes from the second order
term as x — 1, so it is necessary to evaluate this. This term
originates in the first order correction to the asymptotic relation
derived in Eq. (B2) from Eq. (B1). The resulting correction to ay
is proportional to k~1/6 . The same procedure for the summation
of the series for the first order correction leads to a term of
[81/98 I'3(2/3)] (1 — x)~1/3 that must be added to the right hand
side of Eq. (B6) to obtain a better representation of @(x)
for x ~ 1. This combination plus the ogp/x term is a possible
approximation to ¢(x) for all x. Numerical computation reveals
that replacing (1 — x) by log(1/x) in the terms obtained from
the x ~ 1 limit improves the approximation. This results in the
approximate expression in Eq. (26) for ¢(x), which is accurate
to better than three percent over the entire range of 0 < x < 1.
There is one final property that needs noting. For power-law
injection, the pair distribution obtained from Eq. (24) can be
consistent with that obtained in Eq. (19) only provided

o0
o _ K
k0p+sk 1-K(p) °

p>1, (B7)

holds. Clearly both sides have identical behaviour as p — 1.
The sum can be expressed as the integral of xP ¢(x) over the
domain [0, 1]. For large p, only x ~ 1 contribute to this
integral so Eq. (B6) can be used to help evaluate the integral,
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which can now be expressed in terms of Gamma functions. It
is then easily shown that Eq. (B7) holds for large p. It can
be verified for all p > 1 by considering the contour integral
of the function (p —z)~}{1 — K(z)}g1 along the contour z = ¢
for 1 < ¢ < p. Closing the contour in the right half-plane
gives {1 — K(p)}’1 —1/2, the —1/2 term coming from the limit
of the integral over the arc at infinity. Closing the contour in
the left half-plane gives the sum plus one-half from the arc at
infinity. Equating the two results reproduces Eq. (B7). Numerical
summation confirms this identity.
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